Introduction {#Sec1}
============

In this paper, we continue our investigation of fuzzy quantifiers and their semantic properties \[[@CR3]--[@CR5], [@CR8]\]. We are working with the general concept of generalized quantifiers originating from works of Mostowski \[[@CR12]\], Lindström \[[@CR11]\] and many others. For details, we refer to monograph \[[@CR13]\]. For example, a generalized quantifier *Q* with one argument (so-called type $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle 1\rangle $$\end{document}$[1](#Fn1){ref-type="fn"}) over a set universe *M* can be understood as a mapping from the powerset of *M* to the set of truth values $\documentclass[12pt]{minimal}
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                \begin{document}$$\{0, 1 \}$$\end{document}$ (i.e., false and true, respectively).

At first \[[@CR3], [@CR8]\], we investigated a straightforward generalization of these generalized quantifiers, where arguments of fuzzy quantifiers were fuzzy sets and the set of truth values $\documentclass[12pt]{minimal}
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                \begin{document}$$\{0, 1\}$$\end{document}$ has been replaced by some more general structure. Namely, we used a residuated lattice *L* and defined fuzzy quantifiers on *M* as mappings from the power set of *M* to *L*. However, these generalized quantifiers were still defined over a *crisp* universe *M*. Gradually, we started to be aware of severe limitations of this approach. For example, it was not possible to define the important operation of *relativization* in a satisfactory way (see \[[@CR5]\]). The reason is that in the definition of relativization, the first argument of a quantifier (i.e., a fuzzy set) becomes a new universe for the relativized quantifier. But, only crisp sets have been permitted as universes for fuzzy quantification. To overcome this limitation, in \[[@CR5]\] we defined the so-called *C*-fuzzy quantifiers, where a fuzzy set *C* served as a universe of quantification. We showed there that relativization can be satisfactorily defined in this frame. However, also the approach of *C*-fuzzy quantifiers has its limitations. In this contribution, we present initial observations on a more general approach, in which pairs (*M*, *C*), where *M* is a crisp set and *C* is a fuzzy subset of *M*, serve as universes for fuzzy quantification. As case studies, important semantic notions of *restriction* and of *living on a fuzzy set* in the setting of fuzzy quantifiers over fuzzy universes are investigated.

This paper is structured as follows: In Sect. [2](#Sec2){ref-type="sec"}, we summarize necessary notions on algebras of truth values and on fuzzy sets. Section [3](#Sec5){ref-type="sec"} contains basic definitions of generalized quantifiers, restricted quantifiers and quantifiers living on a set. These notions are then generalized in Sect. [4](#Sec9){ref-type="sec"}. Finally, Sect. [5](#Sec15){ref-type="sec"} contains conclusions and directions of further research.

Preliminaries {#Sec2}
=============

Algebraic Structures of Truth Values {#Sec3}
------------------------------------

In this article we assume that the algebraic structure of truth values is a *complete residuated lattice*, i.e., an algebraic structure $\documentclass[12pt]{minimal}
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                \begin{document}$$ L=\langle L, \wedge , \vee , \otimes , \rightarrow , 0, 1\rangle $$\end{document}$ with four binary operations and two constants such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a\le b\rightarrow c \quad \hbox {iff}\quad a\otimes b\le c \end{aligned}$$\end{document}$$holds for each $\documentclass[12pt]{minimal}
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                \begin{document}$$\le $$\end{document}$ denotes the corresponding lattice ordering, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$a,b\in L$$\end{document}$. A residuated lattice *L* is said to be *divisible* if $\documentclass[12pt]{minimal}
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                \begin{document}$$a\in L$$\end{document}$. A divisible residuated lattice satisfying the law of double negation is called an *MV-algebra*. A residuated lattice is said to be *linearly ordered* if the corresponding lattice ordering is linear, i.e., $\documentclass[12pt]{minimal}
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Obviously, the two elements residuated lattice, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L=\{0,1\}$$\end{document}$, is a Boolean algebra. We put $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {2}=L=\{0,1\}$$\end{document}$. Other examples of complete residuated lattices can be determined from left-continuous t-norms on the unit interval:

### Example 1 {#FPar1}
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                \begin{document}$$L_{T}=\langle [0,1], \min , \max , T, \rightarrow _T,0,1\rangle ,$$\end{document}$$where *T* is a left continuous *t*-norm on \[0, 1\] and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\rightarrow _T b=\bigvee \{c\in [0,1]\mid T(a,c)\le b\}$$\end{document}$, defines the residuum, is a complete residuated lattice (see, e.g., \[[@CR2], [@CR7], [@CR10]\]).

Fuzzy Sets {#Sec4}
----------

Let *L* be a complete residuated lattice, and let *M* be a non-empty universe of discourse. A function $\documentclass[12pt]{minimal}
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                \begin{document}$$A:M \rightarrow L$$\end{document}$ is called a *fuzzy set* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L$$\end{document}$*-fuzzy set*) *onM*. A value *A*(*m*) is called a *membership degree ofm* *in the fuzzy setA*. The set of all fuzzy sets on *M* is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}(M)$$\end{document}$. A fuzzy set *A* is called *crisp* if there is a subset $\documentclass[12pt]{minimal}
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                \begin{document}$$1_Z$$\end{document}$ denotes the characteristic function of *Z*. Obviously, a crisp fuzzy set can be uniquely identified with a subset of *M*. The symbol $\documentclass[12pt]{minimal}
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                \begin{document}$$m\in M$$\end{document}$. The set of all crisp fuzzy sets on *M* (i.e., the power set of *M*) is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm {Supp}(A)}=\{m\in M\mid A(m)>0\}$$\end{document}$ is called the *support* of a fuzzy set *A*.
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                \begin{document}$$A,B\in \mathcal {F}(M)$$\end{document}$. We say that *A* *is less than or equal to* *B* and denoted it as $\documentclass[12pt]{minimal}
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                \begin{document}$$B\subseteq A$$\end{document}$.
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                \begin{document}$$\{A_i\mid i\in I\}$$\end{document}$ be a non-empty family of fuzzy sets on *M*. Then the *union* and *intersection of* $\documentclass[12pt]{minimal}
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                \begin{document}$$m\in M$$\end{document}$. Finally, we introduce the difference of fuzzy sets *A* and *B* on *M* as follows:$$\documentclass[12pt]{minimal}
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NL-Quantifiers and Generalized Quantifiers {#Sec5}
==========================================

By *NL-quantifiers*, we in this paper understand natural language expressions such as "for all", "many", "several", etc. For our purposes it is not necessary to delineate the class of NL-quantifiers formally. In fact, we are interested in *general mathematical models* of these NL-quantifiers. For the sake of comprehensibility, we in the following informal explanation consider NL-quantifiers with two arguments, such as "some" in the sentence "Some people are clever."

Generalized Quantifiers {#Sec6}
-----------------------

Generally (see \[[@CR13]\]), a model of the NL-quantifier "some" takes the form of a functional (the so-called *global* quantifier) $\documentclass[12pt]{minimal}
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                \begin{document}$$\textsf {some}$$\end{document}$ is a *fuzzy quantifier*.

### Definition 1 {#FPar2}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_M$$\end{document}$ of type $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle 1^n, 1\rangle $$\end{document}$ over *M* is a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}(M)^n \times \mathcal {P}(M)\rightarrow \mathbf {2}$$\end{document}$ that to any sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_1, \ldots , A_n$$\end{document}$ and *B* from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}(M)$$\end{document}$ assigns a truth value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_M(A_1, \ldots , A_n, B)$$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {2}$$\end{document}$.
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Let us recall the definition of the relativization of generalized quantifiers  \[[@CR13]\] mentioned in Sect. [1](#Sec1){ref-type="sec"}.

### Definition 3 {#FPar4}

Let *Q* be a global generalized quantifier of type $\documentclass[12pt]{minimal}
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Restriction {#Sec7}
-----------

In the theory of generalized quantifiers, we can distinguish two interesting notions, namely, global generalized quantifiers restricted to a set and local generalized quantifiers living on a set, that play an undoubtedly important rôle in the characterization of generalized quantifiers, but they have not been taken into account for fuzzy quantifiers yet. Note that these notions are considered in \[[@CR13]\] for quantifiers of type $\documentclass[12pt]{minimal}
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### Definition 4 {#FPar5}
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A natural generalization of the concept of generalized quantifiers restricted to a set for quantifiers of type $\documentclass[12pt]{minimal}
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### Definition 5 {#FPar6}
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One can see that if a global generalized quantifier *Q* is restricted to a set *A*, then its evaluations over all considered universes are determined from the local generalized quantifier $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar7}
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Now we show that global generalized quantifiers restricted to sets can be used to introduce the relativization of a global generalized quantifier *Q*. More precisely, let *Q* be a type $\documentclass[12pt]{minimal}
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Generalized Quantifiers Living on a Set {#Sec8}
---------------------------------------

A concept related to that of a global generalized quantifier restricted to a set is the concept of a local generalized quantifier living on a set.

### Definition 6 {#FPar8}
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One can see that each local generalized quantifier $\documentclass[12pt]{minimal}
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The following lemma contains useful facts about generalized quantifiers living on sets (cf. \[[@CR13], Section 3.2.2\]).
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Fuzzy Quantifiers over Fuzzy Universes {#Sec9}
======================================

The aim of this section is to introduce the concept of fuzzy quantifiers defined over fuzzy universes. We start with the introduction of (local and global) fuzzy quantifiers over crisp universes, where we demonstrate the limitation of their definitions. This motivates us to introduce the concept of fuzzy universe and define (local and global) fuzzy quantifiers over such universes.

Fuzzy Quantifiers over Crisp Universes {#Sec10}
--------------------------------------

An immediate generalization of Definitions [1](#FPar2){ref-type="sec"} and [2](#FPar3){ref-type="sec"} consists of replacing classical sets $\documentclass[12pt]{minimal}
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### Definition 8 {#FPar11}

**(Local fuzzy quantifier).** Let *M* be a universe of discourse. A *local fuzzy quantifier* $\documentclass[12pt]{minimal}
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### Definition 9 {#FPar12}

**(Global fuzzy quantifier).** A *global fuzzy quantifier* *Q* of type $\documentclass[12pt]{minimal}
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Among the important examples of global fuzzy quantifiers of type $\documentclass[12pt]{minimal}
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Fuzzy Universes {#Sec11}
---------------

Let *A* be a fuzzy set on *N*, and let *M* be a set. Define $\documentclass[12pt]{minimal}
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In what follows, we assume that each class of fuzzy universes is well defined.
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The following two statements show properties of the equality relation up to negligible elements.
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### Theorem 1 {#FPar14}
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Fuzzy Quantifiers over Fuzzy Universes {#Sec12}
--------------------------------------

In Sect. [4.1](#Sec10){ref-type="sec"}, we demonstrated the limitations of the definition of fuzzy quantifiers over set universes. In this subsection we introduce the concept of fuzzy quantifiers defined over fuzzy universes (see Sect. [4.2](#Sec11){ref-type="sec"}) in such a way that it overcomes these limitations.

### Definition 10 {#FPar15}
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One can see that the local fuzzy quantifier $\documentclass[12pt]{minimal}
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### Definition 11 {#FPar16}
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We should note that condition ([21](#Equ21){ref-type=""}) ensures that if two fuzzy universes are equal up to negligible elements, then the fuzzy quantifiers defined over them are practically identical. More precisely, their evaluations coincide for fuzzy sets that together with their universes are equal up to negligible elements.

Before we provide an example of fuzzy quantifiers defined over fuzzy universes, let us define a binary fuzzy relation of fuzzy equivalence for fuzzy sets on a fuzzy universe. Let $\documentclass[12pt]{minimal}
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### Example 2 {#FPar17}
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Finally, we define *relativization* for fuzzy quantifiers defined over fuzzy universes as follows (cf. Definition [3](#FPar4){ref-type="sec"}).

### Definition 12 {#FPar18}
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Restriction {#Sec13}
-----------

As we mentioned in Subsect. [4.1](#Sec10){ref-type="sec"}, we are unable to extend the concept of restriction for fuzzy quantifiers defined over crisp universes. In this part, we show that if we employ fuzzy universes for fuzzy quantification, we can introduce this concept in an elegant way following the standard definition. In the rest of the paper, by a fuzzy quantifier we mean a fuzzy quantifier over fuzzy universes unless stated otherwise.
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### Definition 13 {#FPar19}
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### Lemma 4 {#FPar20}
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Let us show that the global fuzzy quantifiers restricted to fuzzy sets can be used to introduce the relativization of global fuzzy quantifiers. Let *Q* be a type $\documentclass[12pt]{minimal}
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Fuzzy Quantifiers Living on a Fuzzy Set {#Sec14}
---------------------------------------

A concept related to that of a global fuzzy quantifier restricted to a fuzzy set is the concept of a local fuzzy quantifier living on a fuzzy set.

### Definition 14 {#FPar21}
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The following lemma specifies basic facts about fuzzy quantifiers living on fuzzy sets (cf. Lemma [2](#FPar10){ref-type="sec"}).
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Conclusion {#Sec15}
==========

In this article, we proposed a novel framework for fuzzy quantifiers which are defined over fuzzy universes. We introduced the concept of a fuzzy universe and define a class of fuzzy universes closed under the operations of intersection, union and difference. Moreover, we established a binary relation called the equivalence up to negligible elements, which is essential in the definition of global fuzzy quantifiers over fuzzy universes. Further, we generalized the fuzzy quantifiers defined over crisp universes to fuzzy quantifiers defined over fuzzy universes. The novel conception of fuzzy quantifiers naturally allows us to introduce, for example, the notion of relativization of fuzzy quantifiers, which principally could not be defined in the case of fuzzy quantifiers if only crisp universes are permitted. For an illustration, we investigated the important semantic notions of restriction to a fuzzy set and living on a fuzzy set in our novel framework for fuzzy quantifiers defined over fuzzy universes. It should be noted that the notion of restriction to a fuzzy set also could not be introduced for fuzzy quantifiers defined over crisp universes. Although the presented work is only an initial study, it shows that the fuzzy quantifiers over fuzzy universes enable us to develop the fuzzy quantifier theory in the same fashion as in the theory of generalized quantifiers. In our future research, we will concentrate on investigation of further semantic properties of fuzzy quantifiers over fuzzy universes, e.g., the property of extension and isomorphism invariance.

This notation originated in \[[@CR11]\], where quantifiers are understood as classes of relational structures of a certain type (representing a number of arguments and variable binding). It is widely used in the literature on generalized quantifiers \[[@CR13]\].
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